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We  expand  a  multiple  symmetric  a-stable  integral 
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Introduction.  Let  Z  be  a  symmetric  Levy  a-stable  process  on  [0, 1]  with  the  charac¬ 


teristic  function 


£'exp{itZ(u)}  =  exp{-u|t|“},  0  <  a  <  2, 


and  let  /  be  a  real  symmetric  Borel  function  on  [0,  l]n  vanishing  on  diagonals.  A  random 
functional 

(0.1)  /„(/)=  f(iu...,*n)dZ(x1)...dZ(xn) 

Jo  Jo 

extends  the  notion  of  the  multiple  Wiener  integral  in  a  natural  way.  Existence  and  char¬ 
acterization  problems,  not  necessarily  restricted  to  the  stable  case,  have  recently  attracted 
attention  of  many  authors.  For  a  unified  presentation  of  a  classical  theory  due  to  Wiener 
and  Ito  and  for  further  historical  background  we  refer  to  Engel  (1982). 

Basically,  a  general  definition  of  a  multiple  stable  integral  of  type  (0.1)  proceeded  by 
a  construction  of  a  stable  product  random  measure,  is  due  to  Krakowiak  <fc  Szulga  (1988). 

However,  the  first  characterization  of  integrands  of  a  double  a-stable  integral  in  case 
of  a  e  [1,2)  was  obtained  by  Rosinski  and  Woyczynski  (1986),  and  it  was  generalized  to 
an  arbitrary  a  €  (0,2)  by  Kwapien  and  Woyczynski  (1987).  Their  condition  is  hardly 
extendable  for  general  multiple  stable  integrals  due  to  an  internal  complicacy  even  though 
a  triple  stable  integration  criterion  of  a  similar  nature  was  recently  found  by  McConnell 
(1986). 

In  the  present  paper  we  make  a  step  towards  a  characterization  of  a  distribution  of 
a  multiple  stable  integral  by  evaluating  its  limit  behavior  under  a  suitable  normalization. 
We  show  that 

(0.2)  2  Km  z*(lnz)l-”P(In(f)  >  x) 

=  limx°(lnx)1-"PU/n(/)l  >  *) 

00 

r  i  1 1 


provided 


=  na"-'(n!r^-"/  •••/  |/(t„. . .  ,tn)\°dt}  . 
Jo  Jo 

f  ,  i/r(i+«ni/)nii.»i/r*')<oc. 

J  o,i n 


where  s  =  Jq°  x  °sinx  dx ,  6n  =  1  if  n  ^  2,  and  62(f)  =  In.,  ln_  |/|. 

Observe  that  the  first  equality  in  (0.2)  follows  trivially  only  if  n  is  an  odd  integer.  In 
general,  /„(/)  is  not  a  symmetric  random  variable  if  n  is  an  even  integer  even  though  it 
behaves  like  such  because,  in  a  sense,  it  is  dominated  by  a  symmetric  term. 

We  notice  that  a  related  result  was  derived  by  Surgailis  (1985)  from  an  interpolation 
theorem  in  Lorentz  spaces.  Namely,  he  proved  that  for  1  <  p  <  a  <  2 

(0.4) 

where  the  r.h.s.  term  is  a  norm  in  a  Lorentz  space  of  random  variables  generated  by 
a  functional  analogous  to  the  one  appearing  in  the  r.h.s.  of  (0.3)  (with  the  Lebesgue 
measure  dx  replaced  by  certain  measure  dfx).  A  discrete  counterpart  of  (0.4)  was  obtained 
by  Rosinski  k  Woyczynski  (1987). 

The  paper  is  organized  as  follows.  Section  1  introduces  the  notation  and  provides 
a  collection  of  basic  facts  concerning  multilinear  random  forms  and  multiple  stochastic 
integrals.  In  Section  2  we  prove  LePage-type  representation  of  /„(/).  The  distribution 
of  products  of  arrival  times,  essential  for  our  purpose,  is  studied  in  Section  3.  Section 
4  contains  technical  results  on  comparison  of  multiple  series  and  multiple  integrals.  The 
asymptotic  e\aluation  of  the  tail  of  the  distribution  of  /„(/)  is  obtained  in  Section  5. 

Although  we  use  elementary  methods  a  combinatoric  complexity  of  multiple  sums  and 
integrals  might  suggest  that  some  techniques  seem  more  intrinsic  than,  in  fact,  they  are. 
A  suitable  notation  is  introduced  to  avoid  unnecessary  misunderstandings. 

1.  Preliminaries.  In  this  paper  {Z(t),  t  €  |0, 1] }  denotes  a  symmetric  a-stable  mo¬ 
tion,  i.e.  a  process  with  independent  stationary  increments  such  that  Eexp{itZ(u)}  = 
exp{-u|f|°),  0  <  q  <  2.  For  each  n  >  1,  Z(t)  generates  a  random  measure  M M  on  Borel 
sets  in  [0,  l]n  defined  as  a  vector  measure  satisfying  the  identity 

AfW(A,  x...  x  A„)  =  M(Aj)  • . . .  •  M(An) 

(Krakowiak  k  Szulga  (1988)).  Observe  that  only  denoted  for  the  sake  of  simplicity 
by  M,  is  independently  scattered,  i.e.  its  values  on  disjoint  sets  are  independent  random 
variables. 
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The  following  notation  is  used  throughout  the  paper: 

(Un)-&  sequence  of  i.i.d.  uniformly  distributed  random  variables  on  [0,1]; 

(ATn)-a  sequence  of  i.i.d.  exponentially  distributed  random  variables  with  unit  intensity; 
(r„)-a  sequence  of  arrival  times  of  a  Poisson  process,  i.e.  r„  =  X\  +  . . .  +  X„; 

(t„)-a  sequence  of  i.i.d.  Bernoulli  random  variables,  i.e.  P(e„  =  1)  =  P(f„  =  -1)  =  1/2. 
1{. . .}  will  denote  the  indicator  function  of  a  set  (or  a  property)  {. . .}. 

For  the  convenience  of  a  typographer  and  a  reader  we  introduce  an  abbreviated  notation 
for  expressions  involving  multiple  indices.  Any  bold-face  character  denotes  a  finite  or 
infinite  sequence,  e.g.  a  =  (a;),  j  =  (ji •>  >  •  •  •  Jn ) •  A  bold-face  subscript  is  related  to  a 
restriction  of  a  sequence  to  suitable  coordinates,  for  example,  aj  =  0y 

definition. 


We  shall  also  write  subscripts  with  the  mathematical  expectation  symbol  “E”,  e.g.  Et,  £y, 
etc.,  a  convenience  of  which  will  be  especially  appreciated  whenever  Fubini's  Theorem  is 
in  use.  We  shall  skip  the  index  of  stability  a  in  all  quantities  used  in  this  paper. 

Lp  denotes  the  space  of  p-integrable  random  variables  with  usual  norm  (quasi-norm,  if 
P  <  1)  II  ‘  lip  =  (£| '  lp)!  p-  For  k  >  1  we  introduce  a  linear  space  A*  of  all  random  variables 
for  which  the  limit 

A*(-Y)  =  Hm  xa(lnx)-*P(X>x) 

exists.  We  shall  be  using  frequently  an  observation  based  on  the  following  elementary  fact. 


LEMMA  1.1  Let  X  and  Y  be  positive  random  variables.  Suppose  that  X  has  a 
regularly  varying  tail,  i.e.  there  is  a  number  6  >  0  such  that  for  every  number  a  >  1 


lim 

z — *oc 


P{X  >  ax) 
P(X  >  x ) 


=  a 


-$ 


Suppose  that  the  tail  of  X  dominates  the  tail  of  a  random  variable  Y  in  sense  that 


*  inUTKif*  V*  VXUY  A’T  *.1  ^X^TUntTTX^T^XJTS  TO  AVfVWfV)ryWV\.WWVr.,WWWW  rm  rw  TJ« 


Urn  =  Urn  *£-£>£)  =  1. 

i  — 00  /,(AT  >  x)  *-«  P(X  >  x) 


Proof.  Clearly,  for  any  o,  0  <  a  <  1,  we  have 


<  limsup 


,.  P{X  +  Y>x ) 

'T-«p  -~P[XT7T 

P(Y  >  ox)  +  P{X  >  (1  -  o)x) 


P(X  >  x) 


P{Y  >  ox)  P{X  >  ox)  P{X>(l-o)z)  , 

-  h^p  >(*  >  <rx)  ~p(Af  >  x)  +  h“8«2p  ~p(xV7)  =  ^  "  *>' 


Since,  obviously, 


„  .  rP{X  +  Y  >  xl 

hna  :nf  — - t— ^  >  1 , 

*-«»  p(a:  >  x) 


the  first  part  of  the  lemma  follows.  The  second  part  can  be  proved  in  a  similar  way.  | 

Corollary  1.2.  Let  X  6  A*.  Then,  under  assumptions  oj  Lemma  1.1,  X  +  Y  G  A* 
and\k(X  +  Y)  =  \k(X).  | 

The  remainder  of  the  section  contains  a  collection  of  basic  properties  of  multilinear 
random  forms  which  are  defined  as  formal  sums 

<  j,x  >=  y  »u)[x,i, 

J€N" 

where  g  is  a  real  function  on  N”  and  X  =  (X;)  is  a  sequence  of  real  random  variables.  Let 
Dn  =  {i  =  (t  | , . . . ,  t„)  €  Nn  :*|<...<  in},  and  observe  that  if  a  function  g  is  symmetric, 
i.e.  9  (j)  =  fl(j  '  ff)  f°r  every  j  €  N"  and  for  every  permutation  tt  of  the  sequence  (1, ....  n), 
and  g  vanishes  on  diagonals  of  N",  i.e.  p(j)  =  0  whenever  at  least  two  entries  of  j  are 


equal,  then 


<  „,X  >=  n!  Y.  *0)  |X,). 

i€Dn 


For  this  reason  we  consider  tetrahedral  multilinear  forms  only,  i.e.  related  to  functions  g 
with  a  domain  in  Dn.  We  say  that  a  multilinear  random  form  <  g,X  >  converges  if 

T.  »(j)  [X,j  1{;„  <  u} 
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* 


|| 

I 

I 

r 

i 

SI 


£ 
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converges  in  an  appropriate  sense  as  u  ->  oc.  In  general,  most  of  the  properties  of  multi¬ 
linear  random  forms  for  independent  symmetric  random  variables  follow  from  their  coun¬ 
terparts  for  Bernoulli  random  variables  by  virtue  of  Fubini’s  Theorem.  We  quote  below 
several  results  useful  for  our  purposes. 

Theorem  1.3.  Let  X  =  (Yj)  be  a  sequence  of  independent  symmetric  random  variables 
and  g  be  a  real  function  on  Dn.  The  following  statements  hold: 

(i)  (Krakovciak  &  Szulga  (1986a)).  A  random  multilinear  form  <  g,  X  >  converges  a.s.  if 
and  only  if  it  converges  in  probability  if  and  only  if 

E  0(i)2[xii2  <  30  a  s- 

j€Dn 

(ii)  Contraction  principle  (Krakowiak  &  Szulga  (1986b)).  If  h  is  a  real  function  on  Dn  such 
that  |h|  <  1  then  a.s.  convergence  of  <  g,X  >  implies  a.s.  convergence  of  <  g  ■  h.X.  >. 
Moreover,  if  {Y;}  C  L?  then  there  is  a  constant  C  >  0  depending  only  on  n  and  p  such 
that 

E)  <  9  •  h,X  >  \p  <  C  E\  <  ff,X  >  ]p. 

(Hi)  (Krakouiak  &  Szulga  (1986b)).  Let  {Y^}  C  Lp.  Suppose  that  (gm)  is  a  sequence  of 
real  finite  valued  functions  on  Dn  such  that  the  sequence  (<  j^.X  >)  converges  in  Lp  for 
some  p  €  [O.oo].  Then  there  is  a  real  function  g  on  Dn  such  that  the  multilinear  random 
form  <  g,X  >  converges  in  L P  and  it  forms  an  L? -limit  of  the  sequence  (<  gm,X.  >). 

For  a  real  positive  function  $  on  R+  we  define,  for  r  >  0, 

♦r(x)  =  $(xr),  x  >  0. 

Following  Kallenberg  (1975),  we  consider  a  class  )Cr  of  real  positive  functions  $  on  R+ 
satisfying  the  following  properties 
(Kl)  *(0)  =0; 

(K2)  ♦  is  a  concave  and  increasing  function; 

(K3)  $r  belongs  to  Kallenberg’s  class  F]  U  F2,  i.e.  either  it  is  concave  or  it  is  absolutely 
continuous  with  the  concave  derivative  Q'r  vanishing  at  the  origin. 


g 

8? 

S' 


It  is  easy  to  see  that  (Kl)  and  (K2)  above  imply  that  any  $  in  Kr  satisfies  A2  condition, 
i.e.  for  any  c  >  0  there  is  0  <  d(c)  <  x  such  that  for  any  x  >  0 

(1.1)  $(cx)  <  d(c)$(x) 

Lemma  1.4.  Let  $  be  a  function  from  )Cr,  r  >  0  and  i  be  a  Bernoulli  sequence.  Then 
there  is  a  constant  C  >  0  such  that  for  every  n-dimensional  tetrahedral  random  array 
[AT (i) ,  i  €  Dn\  independent  of  e  the  following  inequality  holds: 

£*r(|  <  Xc  >  |)  <  cnE,r*r(|X(i)|). 

Proof.  The  statement  follows  from  Lemma  2.1  in  Kallenberg  (1975)  as  multilinear  tetra¬ 
hedral  Bernoulli  forms  are  martingales.  | 

EXAMPLES.  In  the  paper  we  shall  make  use  of  the  following  functions 

(i)  $(x)  =  x,*  €  Kr,  r  >  a; 

(ii)  $(x)  =  x/ ln*(a  +  x),  $  €  Kq  for  a  large  enough. 

In  particular,  choosing  r  =  2,  one  immediately  obtains  the  generalized  Khinehine 
inequality: 

(1-2)  <  E\  <  »,«  >  I"  <  C?(£|9(i)|!)>'/J. 

where  Cp  does  not  depend  on  g  (cf.  also  Kr&kowiaL  &  Szulga  (1986a)). 

Remark  1.5  Once  a  random  multilinear  form  <  p,X  >  in  symmetric  random  variables 
X  =  (A'j)  converges  a.s.,  it  converges  unconditionally,  i.e.  regardless  of  any  determinis¬ 
tic  permutation  of  its  entries.  This  follows  immediately  from  Fubini's  Theorem  and  the 
generalized  Khinehine  inequality. 

2.  Le  Page's  representation  of  multiple  stable  integral.  In  1984  Marcus  L  Pisier 
proved,  elaborating  the  results  of  Le  Page  (1980)  and  Le  Page,  Woodroofe  ii  Zinn  (1981), 
that  for  any  function  /  €  L°([0,l]) 


i‘|4  l.<  |.J 


f°° 

where  s  =  /  i  asinr  dx,  and  U,  r,€  are  independent  of  each  other,  and  the  series  in 
Jo 

r.h.s.  of  (2.1)  converges  a.s.  and  in  IS,  p  <  a. 

In  particular,  one  obtains  a  series  representation  of  a  stable  motion 

(2.2)  (Z(«),  o  <  t  <  i)  =  (s-1'qi:i{lt;  <  o  <  t  <  i), 

and  therefore  a  counterpart  of  (2.1)  for  a  multiple  stable  integral  is  expected  to  hold.  A 
possibility  of  such  a  representation,  at  least  for  n  =  2  and  n  =  3,  was  mentioned  in  the 
paper  of  McConnel  (1986). 

The  aim  of  this  section  is  to  extend  Le  Page’s  representation  to  the  multiple  stable 
integral. 

Recall  that  a  symmetric  vanishing  on  diagonals  Borel  function  on  [0,  l]n  is  said  to  be 
integrable  with  respect  to  if  there  is  a  sequence  ( fm )  of  simple  functions  converging 

in  Lebesgue  measure  to  /  such  that  multiple  stochastic  integrals  —  /|o,j)n  fdXf^ 

(defined  in  a  usual  way)  converge  in  probability  (or  equivalently,  in  IS. 0  <  p  <  a).  The 
limit  is  denoted  by  /„(/)  or  by  either  of  following  integrals 

I  I  dM (n>  =  ('  •  •  •  /'  /(<! . *n)-V/(<ftl)  .  •  M{dtn) 

J  0.1  n  Jo  Jo 

(see  Krakowiak  4:  Szulga  (1988)  for  details.) 

Theorem  2.1.  For  any  symmetric  vanishing  on  diagonals  Borel  function  f  on  [0,  l)n 

(2.3)  /  ,  fdMM  g  .-/•E16W./(U1)(T1|-*'*h), 

J  jO,  1  ]” 

where  the  integral  exists  and  the  series  converges  unconditionally  a.s.,  or  equivalently,  in 
Lp. 0  <  p  <  a,  at  the  same  time.  The  sequences  U,  T  and  €  are  independent  of  each  other. 

Proof:  By  virtue  of  Le  Page's  representation  we  may  choose  an  a-stable  random 
measure,  and  a  fortiori ,  a  product  random  measure  M ^  generated  by  the  a-stable  process 
Z(t)  =  £  l{Uj  <  t)T~l,a(j.  Denoting  the  multiple  series  appearing  in  (2.3)  by  S„(/) 
whenever  it  makes  sense,  we  infer  immediately  that  formula  (2.3)  holds  a.s.  for  simple 
functions. 


Suppose  that  /„(/)  exists.  By  definition,  there  is  a  sequence  of  simple  functions  (/ m ) 
converging  in  Lebesgue  measure  to  /,  and  such  that  In(fm)  converges  in  IS,  0  <  p  <  a, 
to  a  random  variable  Y  in  IS.  Hence  Sn(fm)  converges  in  IS  to  Y .  By  Theorem  i.3(iii), 
V  =  Sn(g)  &.s.  for  some  function  g  €  Lp,  and  the  multiple  series  Sn(g)  converges  a.s.  by 
part  (i)  of  that  theorem.  For  U  and  T  being  fixed,  Sn(g)  is  a  Bernoulli  multilinear  form. 
Therefore  we  infer  from  Fubini’s  Theorem,  Theorem  1.3(i)  and  the  generalized  Khinehine 
inequality  that  Sn(g )  converges  in  Lx  and  thus 

8(Ui)ir,]-,/'“  =  £,Sn(ff)hl 

=  lim£eS„(/m)[<J] 

=  /(Uj)|r,r,/* 

(U,r)-a.s.  Therefore  /  =  g  almost  everywhere  on  jO,  l]”  and  ln[f)  =  Sn(f )  a.s. 

Suppose  now  that  the  series  Sn(f)  converges  in  probability  (or  equivalently,  by  Theo¬ 
rem  1.3(i),  almost  surely).  For  k  =  1,2, . . .,  and  x  >  0  define 

2 -ki.  if  x€  (2~*i,2"*(i  + 1)),  t  =  0, 1, . . .  22*'1 

Hk(x)  =  -Hk(-x)  =  • 

.0,  if  x  >  2*. 

We  observe  that  0  <  |x|  -  |H*(x)|  <  2~k  and  thus  applying  the  contraction  principle 
(Theorem  1  3(ii))  we  infer  that  the  series  Sn(Hk(f))  converges  in  probability.  Further, 
(/„(#*(/));  n  G  N)  is  a  Cauchy  sequence  in  L°  because  by  virtue  of  Fubini’s  Theorem  and 
Lebesgue's  Dominated  Convergence  Theorem  we  have  that 


lim  Emrn(l,\In(Hk(f)-Hm(f))\2) 

oc 


=  lim  E  min(l,  \Sn(Hk(f)  -  Hm(f))\7) 

k,m—oc 


<  lim  £u,rmin(l,Et|Sn(Ht(/)  -  tfm(/))|2) 


=  lim  Evx  min(l,£  \Hk(f(V,))  -  ffn.(/(UJ))|*|rJ]-*'»)  =  0 

c,m-*oo  j 

Since  (Hk(f))  is  a  sequence  of  simple  functions  converging  almost  everywhere  to  / 
then  the  latter  identity  implies  the  existence  of  /„(/).  Moreover,  it  follows  from  the  first 
part  of  the  proof  that  In(f)  =  $n(f)  &-s. 

9 


Unconditional  convergence  is  a  general  feature  of  random  multilinear  forms  in  sym¬ 
metric  random  variables  (cf.  Remark  1.5).  | 

S.  Products  of  Poisson  arrivals.  Most  of  properties  of  products  of  arrival  times  of  a 
Poisson  process  presented  in  this  section  is  a  part  of  a  mathematical  folklore.  For  the  sake 
of  convenience  we  collect  them  in  one  place. 

Lemma  3.1.  For  n  >  1  and  t  >  0 

\  tvj:*(_i„f)*/fc!  if  t  <  i 

/»„(!)  S />(&•.  •..••I’.  <<)  = 


otherwise. 


Proof.  It  is  enough  to  check  that  for  t  <  1 


hn(t)  =  P(Xx  +  . . .  +  Xn  >  -Int) 

and  use  well  known  formula  for  the  Erlang  distribution  (cf.  Feller  (1971)).  | 


Lemma  3.2.  Define,  for  t  >  0  and  k  >  0, 


h{t)=t  j™{lny)ke  l*dy 


Y\mfk(t)/(-lnt)k  =  1. 

Proof.  Elementary  calculus  (1'Hospital  formula,  change  of  variables  of  integration,  induc¬ 
tion.  etc.)  is  working.  | 

Lemma  3.3.  For  n  >  l  we  have 

p(r,....-rB<o  _  i 

t{—lnt)n~1  (n  —  1)  In! 

Proof.  The  identity  is  trivial  for  n  =  1.  Let  n  >  2.  Using  well  known  formula  for  converting 
arrival  times  of  a  Poisson  process  into  i.i.d.  uniformly  distributed  r.v.  (cf.  e.g.  Karlin 
(1968))  we  check  that 

gn(t)  t  rt-'P{Txfx  ■  . . .  •  rn_,/x  <  </xn|rn  =  x)e~zxn~] /(n  -  1  )'.dz 
Jo 


M  jV  A  »  •  j,  *  _%  /V  m  »  -N  *  m  w  •  V  »**  m  m  *  m*  ,  »  4 _  •  »  »  •  ,  •  ,  '  m  +  _>  ,  *  »  *  -  W  _%  J  . 


iwvuufnxAjr wtvuvtuh  vx ww>wvuvivwwvv,w.',l v* v» v^tj^v.Yv'w .', ^ ■-* r-\w^  j,^wv  v  .^v.’yyv^  y* 


=  (XriP{U1-...-Un- j  <  t/xn)e-zxn-'/(n-  l)'.dx. 

Jo 

Applying  Lemma  3.1  we  prove  by  elementary  calculation  that 

<M0  =  (n  -  l)!-1  x:  nfc/(*  +  1)!  A„(*1/n), 

k=0 

which,  combined  with  Lemma  3.2,  completes  the  proof.  | 

Corollary  3.4.  Let  X  €  L°  be  a  nonnegative  random  variable  independent  of  T .  Then 
for  j  =  (1, 2, . . . ,  n)  and  a  >  1 


Qn~i  EXa 
(n  -  l)!n!  ’ 


“?  MT7iF'>‘jrW  >  ')  5  C£Ar“<1  +  "n-  x"^' 

where  a  constant  C  depends  only  on  a,  a  and  n. 

Lemma  3.5.  Let  n  >  2.  Then 
(o  ,»  i;  P(^l  *  •  •  •  *  ^n-1  '  Fn-I  <  t) 

Proof.  Since  the  joint  density  /(.,.)  of  (r„,rfl.fi)  is  given  by  the  formula 


/(x,y)  = 


then  the  l.h.s.  of  (3.1)  is  equal  to 


e  vxn  1  /(n  —  1)!  if  0  <  x  <  y 


otherwise. 


r  r  P(r,  • . . .  •  rn_,  <  t/y\Tn  =  x,rn+1  =  y)/(x.  y)  dx  dy 

Jo  JO 

=  r  r  P(Ul-....Un„l<tl(xn-'y))f(x.y)dxdy. 

Jo  Jo 

Then,  applying  Lemma  3.1,  we  decompose  the  l.h.s  of  (3.1)  into  the  sum 

n-2  . 

t  XI  p  Ak  +  P' 

4=0  K’ 

where 

A*  =  jj „<*<„  «"V,(ln(xn~,y/0)t  dxdy. 


mum®, 


$  .v ; .  ✓/Xysw 


ana 

B  =  ff  0<:<v  dx  dy. 

xn-ly<t 

It  is  easy  to  check  (using  e.g.  the  estimate  e~v  <  1)  that  B  <  l1'1'".  The  term  At 
is  of  order  at  most  (-lnt)k  as  t  — ♦  0  because,  putting  s  =  0'n,  we  derive  the  following 
inequalities  from  Lemma  3.2 

Ak  ~  a  jf  <><,<„  c~ayy~'  ( lnxn~xy)k  dx  dy 

<  nk  a  j  e~sy{lny)k  dy 
=  nk  fk(s)  v  nk(-lns)k  =  (~lnt)k.  | 


Corollary  3.6.  For  any  j  €  Dn ,  j  =  (j{  ■  ■  ■  ■  ■  jn)  ^  (1 . n) 


limsup 
t— o 


f  ([Fj]  <  0 

t(~lnt)n~2 


<  x. 


We  conclude  this  section  with  an  observation  that  for  any  number  0  >  1  there  is  a  constant 
K  >  0  such  that  for  every  sequence  j  =  (ji, - jn)  €  Dn  such  that  jx  >  n0  we  have 


(3.2) 


EIT)}'3  <  K [j]-f 


Indeed,  this  follows  by  the  Holder  inequality  from  the  well  known  estimate 

r(rJ)->  =  r(j  -  0)/u  - 1)!  <  Kj-a. 


4.  Comparison  of  multiple  sums  and  integrals.  Let  $  :  — 1 >  /?+  be  a  nonin¬ 

creasing  function. 


Lemma  4.1.  For  any  u  >  0 


(0 


$(*)  <  $(1)  +  J  ♦(x)dz. 

1  <«<  u  ■/1 


(*■«■) 


£ 

|>U 


*(l)  <  $ 


$(z)<fx. 
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Proof.  Omitted. 


Corollary  4.2.  For  u,v  >  0 

$(tu)  <  $(v)  +  /  $(vx)dz. 

s'  .s'  ..  *1 


Lemma  4.S.  For  every  n  €  N,  and  u,v  >  0 


(4.1) 


l€N' 


L  *(«•(>))  <  £(t)J*(u’v)’ 

r»,|ii<«  k=oK  ' 


where  J0(u,v)  =  $(v),  and,  for  k>l 


•/*("'r)=  x€|/l’oc)Mx]<«*(vW>d,‘- 


Proof.  We  use  a  standard  induction  argument.  The  case  n  =  1  is  a  straightforward 
consequence  of  Corollary  4.2.  Assume  that  (4.1)  is  valid  for  n  —  1  for  every  u,v  >  0  and 
every  nonincreasing  function  $.  Applying  the  induction  hypothesis  with  “t>”  =  vij  and 
“iT  =  u/i]  we  have  that 

:»!<« 


<  Z!  5Z  *(w*l  •  «2  •  •  •  •  •  *n) 

1<*2  ■  • 


n  - 1 


(4.2) 


1<«1<U  fc= 0  V  ' 


We  have  *fo(u/*i«l’*i)  =  $(v*i),  and  we  infer  from  Lemma  4.1  (i)  that 


Yl  Jk(u/ii,v i'i)  <  J[ t(u,v)  +  Jt+1(u,  v) 

i<«i  <« 


Changing  the  order  of  summation  in  (4.2)  and  handling  routinely  binomial  coefficients  we 
obtain  the  statement  of  the  lemma  valid  for  the  integer  n.  | 


Corollary  4.4.  For  every  n  6  N  and  every  u  >  e 


£  *([!]/«)  <2n  u(lnu)"”1  fU  ♦(i~1)i_2  dx  +  •(«"*) 

l>  .1  ..  — 


16 -V"  ,.»!<* 


is 


3 


i 

j 


a 


3 
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T^.W'Wlrj  WV  ir^j  T-J  w*  -  ¥  *  *  .-  „  „  ,. 


Proof.  We  omit  a  routine  computation.  | 

Example  1.  $  =  1, 

53  1  <  (2n  +  1)  u  {lnu)n~l.  | 

:i]<u 

Example  2.  $(x)  =  1/x, 


I 


» 

I 


E|i|-‘<(2"  +  l)(ln«r-'.  | 

jl;  <  U 

Example  3.  $(x)  =  x_I  ln*(a  +  x_1),  S  >  0.  We  choose  a  >  e  large  enough  to  make  $  a 
decreasing  function  and  pick  up  uq  >  e.  Then  there  is  a  constant  C  depending  only  on  a 
and  u0  such  that  for  all  u  >  uq 


E  *([*])  < 


Indeed,  we  estimate  the  integral  in  Corollary  4.4  as  follows 


C(1  -  6)-1u(/nu),,-< 

if  6  <  1 

C  u(lnu)n~llnlnu 

if  6  =  1 

C(6  -  I)’1  u(/nu)n_1 

if  S  >  1. 

j  $(x  l)x-2  dx 


—  J'  x  Mn(a  +  x)-idx 
<  (a  +  1)  J  (a  +  x)_1  ln(a  +  x)~6dx 


(  («  + 

l)(l  -  6)  1  (ln(u  +  a))1  6 

if  6 

<  1 

< 

(«  + 

1)  In  ln(a  +  u) 

if  6 

=  I 

| 

l  (<*  + 

l)(6-l)-1(ln(a+l))1-* 

its 

>  1 

(«  +  !)(! 

-6)- 

'(M0  +  u0) /  In  u0)1-<s(ln 

u)l~{ 

if  S  <  1 

\  <  ' 

,  (a  +  l)(ln  ln(a 

+  u0)/(ln  In  u0))lnlnu 

O* 

II 

> 

i 

l  («  +  !)(« 

-1 )' 

•'(ln(a+  !))'-* 

if  S  >  1 

Define  the  operator 


*;(*)(*)  =  £  *a> 


l!  >u 


on  the  class  Hn  of  decreasing  positive  function  4>  on  such  that 


Lemma  4.3.  There  is  a  constant  Cn  >  0  such  that  for  all  functions  4>  £  Hn  and  for 


u  >  e 


(4.3)  F„(*)(u)  <CB(jf°°*(x)  (lnx)n-'di  +  *(«)  u  H"'1) 

Proof.  We  apply  an  induction  argument.  For  n  =  1  even  a  stronger  inequality  is  given 
in  Lemma  4.1(ii).  Suppose  that  (4.3)  holds  for  every  $  e  Hn- j  and  every  u  >  t.  We 
decompose  the  l.h.s.  of  (4.3)  into  the  sum  of  two  terms  as  follows 

F„($)(u)  =  Y  5Z  *(*»  -----  *»-i« n) 

«1  ...»„-i>tt  t«  =  l 

+  Y  H  *(*i  •••••*«) 

*1  «n>««/«l  -  *n-l 

=  4n(u)  +  Bn(u). 

We  begin  with  an  estimation  of  the  second  term.  By  Lemma  4 . 1  (ii)  and  by  making 
use  of  the  Examples  1  and  2  following  Lemma  4.2,  we  infer  that 

#„(u)  <  Y  (*(u)  +  /.  *(»i  •••••*»-»  •*)<**) 

<  C(*(u)  u  (Inu)"-1  +  (lnu)n  1  *(x)  dx ) 

Ju 

<  C(*(u)  u  (/nu)"'1  +  /•#(,)  (/nx)n_1  dx). 

Ju 

Using  a  similar  argument,  we  check  that 

^n(«)  <  £  *(»i  •  •  •*«-i)  +  J  *(*i  -■  •  ■*n-iV)dy 

=  ^n-l  (*)(«)  +  Y,  (*!•••■  '‘n-l)"1  /  *(x)dl 

TOO 

where  $*(u)  =  u-1  /  $(x)dx. 

By  the  inductive  assumption  and  by  integration  by  parts  we  have  that 

F„_, (♦•)(«)  <  C..,  (j[“  +  **(«)  « 


The  latter  observation  and  again  the  induction  applied  to  F„_]  ($)(u)  combined  with  the 
estimation  of  Bn(u)  concludes  the  proof.  | 


Example  4.  Let  >  1  and  put  $(x)  =  x  Then  there  is  a  constant  C  >  0  such  that 
for  u  >  t 

El*  r^Cu'^Inu)"-1.  | 

[l;  >u 


5.  Asymptotic  evaluation  of  the  tail.  The  main  result  of  the  paper  (Theorem  5.3) 
is  stated  and  proved  in  this  section,  but  first  we  study  certain  properties  of  tetrahedral 
multilinear  forms  of  the  type 

Sn  =  E  l‘l][r,]"1/“XJ 

JG  Dn 

where  X  is  an  array  of  identically  distributed  random  variables  which  is  independent  of  e 
and  T  sequences.  We  introduce  some  useful  decompositions  of  the  series  .  Put 

T.,m  =  E  W1"1*.- 

J€Dn,ji>m 

We  decompose  Tn  m  into  two  summands  as  follows. 

Tn,m  =  Tnrn  +  Tnrn 

=  E  l«i!(r1r'/”xJi{|x1|»<(ji}+  E  l«,I(r1]-1/“x1i{|x1|»  >  ii]>. 


Proposition  5.1. (a)  Let  r  >  a,  m  >  mo  >  nr/a,  n  >  1.  Then  there  is  a  finite  constant 
C'  >  0  depending  only  on  a,r,  m 0  and  n  and  independent  of  m  and  the  law  of  { ATj ,  j  €  Dn } 
such  that 


e  in,mr 


<  c'|e[ 


l-Xjr(l  +  (ln+  |Xj|)B  ') 


a,r 


/h/  Consider  $(x)  =  x/(ln(a  -I-  x))n  1  udth  a  chosen  large  enough  to  have  $  in  )Ca.  Let 
n  >  1  and  m  >  mo  >  n.  Then  there  is  a  finite  constant  C  '  >  0  depending  only  on  a,m , 
and  n,  and  independent  of  m  and  the  law  of  { Xj,j  €  Dn }  such  that 


E*0(\Tn,m\)  < 


|XJ|a(l  +  (ln+[XJ|r-1 


) 


if  n  >  2, 


1 


?■ 

s 

: 

*.» 


‘3 


I 


a 


I 

I 


m 

w 


(e)  Let  n  >  1,  m  >  mo  >  n.  Then  there  is  a  finite  constant  C  >0  depending  only  on 
a,  mo  and  n,  and  independent  of  m  and  the  law  of  {A^.j  €  £>„}  «ue/i 

E\Tn,m r  <  C'"f:[|X1|0(l  4-  (ln+  jXjin  • 

Proof,  (a)  By  Holder’s  inequality,  Fubini’s  Theorem  and  Lemma  1.4  we  conclude  that 

<cj[  E  rirJ)-"«Ef|Aii'i{|jfJ|«  <  liuH"'. 

J€  Dn  t3l  Tl™ 

Using  the  estimate  (3.2)  for  moments  of  Tj  and  the  Example  4  following  Lemma  4.3  (with 
3  —  nr /a)  we  bound  the  latter  expression  from  above  by  the  following  quantities. 


_  1^1  /  \  nOt/r 

c;  e  r/a  E  e(w»{*  - 1  <  w  <  *}) 

<  c;(e  e(i*,|'i{*  - 1  <  ix,r  <  *})  E  lil"/“l°/r 

lij>* 

<  c-'Jffi.YjrHo  <  \xtr  <  2})  4  f;  *(in*r-*p(*  - 1  <  iA',r  <  *) 

V  t=3 

<  C'|e[|X,|”(i  +  (ln+  |X,|)"  ■■)]  }  . 

(b)  Applying  Lemma  1.4  we  get 


E*.(lrf,»l)  £  ci  E  E[*.(|x,||r,r1/*)i{|x,i*  >  U]}1  = 

SSDn,ji>m  L  J 

=  cl  E  £[*(ix,nrJrl)i<i*1r>iii}]. 


i&Dn,j>m 


By  Fubini’s  Theorem,  independence  of  T  and  U,  moment  inequality  (3.2)  and  Aj  property 
(1.1)  we  conclude  that  the  latter  expression  is  bounded  from  above  by 

c;  e  r[*(r’ix.r)f  »{*<ix,i*<*+i}1. 

l£O.Ji>">  1  *-lll 


Changing  the  order  of  summation  and  making  use  of  Example  3  following  Corollary  4.4 
we  obtain  in  the  case  n  >  2 

<  C';  £  £  *((*  +  l)li]-,)P(*  <  \X,\a  <k  +  l) 

k  =  \  j€D«  V  ' 

U)<* 


<  c4  E(k  +  *)0n(*  +  l))n_1P(A:  <  |ATj|Q  <k  +  l)< 

k  =  1 


CEfl^l^l  +  On^A^Dr-1  . 


The  case  n  =  2  is  similar. 


(c)  The  proof  of  this  part  is  completely  similar  to  the  proof  of  (b). 

Proposition  5.2.  Let  {X,}  be  a  sequence  of  identically  distributed  random  variables, 
independent  o/T  and  e  sequences,  such  that  £[|Xj|a(l  +  ln^  |A'i|)]  <  oo.  Define 

«a?. 

7  =  n+l 


Then 


=  0. 


Proof.  The  proof  is  by  induction  in  n.  For  n  =  2  we  apply  the  contraction  principle  for 
probabilities 

P(l%l  >  *)  <  2P(rr‘/“i£  <,(r,  -  r,)"'/“x,|>  x), 

7=3 

and  Proposition  5.2  follows  from  the  independence  of  Tj  and  {Tj  —  Tj}  and  Proposition 
5.1(c)  with  n  =  l,mo  =  2. 

Assuming  that  Proposition  5.2  is  valid  for  n  -  1,  we  employ  once  more  the  contraction 
principle  for  probability  to  get  for  x  >  0 

p{  i%i  >  i)  < 

<  4p|rr'^(ri  -  r,)-|/“.  .(r„_,  -  r,rlH  £  -r,)-'/°.vJ>x  = 


m 

“o! 


I 

m 


V> 

\vv 


r 00  .  rz  (In  2  1  2  roo 

A  e-vP(j2-_uj>  zy'?*)dy  =  4  ...  +  4  / 

Jo  Jo  Jz-a(\n 

Applying  the  assumption  of  the  induction  to  the  second  integral  in  the  expression  above 

completes  the  proof. 

We  introduce  the  following  modulars  defined  on  the  class  of  Borel  functions  on  (0,  l]n: 
i“log‘i(/)«  |/(x)r[l+(ln,|/(x)|)‘]<fx,  «>0, 

L°  log  L  log  log  L(f)  —  f  •••  [  |/(x)|°[l  +  ln+ l/(x)[ln+ lln|/(x)ll]dx. 

J  J  o,i|n 

Now  we  formulate  the  main  result  of  the  paper. 

Theorem  5.3.  Let  0  <  a  <  2,  n  >  2  and  f  be  a  symmetric  vanishing  on  diagonals 
Borel  function  on  (0,  l]n  suc^i  that 

La  log"-1  L(f)  <  oo  if  n  >  2, 

IQlogLloglogI(/)  <  oo  if  n  —  2. 

Let  be  the  random  measure  generated  on  Borel  sets  in  [0, 1]”  by  a  symmetric  a-stable 

process  uith  stationary  increments  on  [0,1].  Then  /  is  Af(n' -integrable  and  its  integral 
In(f)  has  the  following  property: 

(5.1)  A„_,(|/„(/)|)  =2A„_,  (/„(/))  =  na"-'(n!)“-V"i"(/), 
where  s  =  /0°°x~a  sini  dx. 

Proof.  Fubini’s  Theorem  and  Theorem  1.3(i)  imply  that  a  necessary  and  sufficient  con¬ 
dition  for  the  convergence  of  S„(f )  (equivalently,  the  existence  of  /„(/))  is 

(5.2)  £  [rJ]_2/tt|/(uJ)(2  <  oo  a.s. 

jeo„ 

We  introduce  the  following  partition  of  the  set  D„ : 


I* *  >1  -I  tJ'l.i  f.j  J* 1. 1  » >1 ' l.l  t.t  «  J  Vt*!!*! J** 


where  Dn  0  =  {(1, 2, . . . , n)}.  and  for  k  =  1,2, ...  ,n 

Dn,k  =  {(1,2,...  ,n  -  k.jx,j2 . it)  (ii ,  •  •  • ,it)  e  Dk,  jj  >  n  -  fc  +  2}. 

Let  us  denote  for  Jc  =  0, 1, . . . ,  n 

z„4  =  E  I«ilir1r,,“/(u,), 

JSDn.k 

-4.4=  E  [r,]-I,”l/(u,)l2. 

i£Dn,k 

We  will  prove  that  .4nt  <  oc  a.s.  for  any  k  =  0,1...,  n.  This  would  imply  (5.2)  and. 
simultaneously,  the  convergence  of  Znj t’s,  k  =  0,1. . . .  ,n. 

Note  that  An  0  <  oc  trivially  since  Dn  0  consists  of  only  one  element.  Recall  also  that 
by  Corollary  3.4 

(5.4)  A„-i(|Z„.ol)  =  2A„_1(Zn  q)  =  na"-1(n!)-2La(/) 

since  Z„i0  is  a  symmetric  random  variable.  Note  that  in  general  /„(/)  (or  S„(/))  ««  not  a 
symmetric  random  variable,  except  the  case  of  the  odd  integer  n,  even  though  it  behaves 
like  such  due  to  its  dominance  by  the  symmetric  random  variable. 

To  complete  the  proof  of  the  theorem  we  have,  therefore,  to  show  that  An k  <  oc  a.s. 
for  k  =  1. . . .  ,  n.  and  that 


(5.5)  An-td'Z’n.fcl)  =  0  for  k  =  1,2 . n 

Corollary  1.2,  (5.4)  and  (5.5)  would  imply  then  (5.1). 

The  proof  will  use  an  inductive  argument  and,  as  it  frequently  happens  with  inductive 
arguments,  it  is  more  convenient  to  prove  somewhat  more  general  claim.  For  any  k  = 
1.2, ....  n  and  i  >  n  —  Jr  +  2  define 

Dn.k.,  =  |  (1*2 . n  -  k.jx . it)  :  (ii,...,it)  €  Dk,  j\  >  *  J , 

D‘„k,  =  | (1. 2 . n  -  k  -  l,i  -  l.jx - ,jk)  :  (j, . it)  €  Dk,  jx  >  t'J. 


m 


5? 

$ 

& 


•V.'V, *,*!•; 


Let  {.Y,.j  €  Dn }  be  an  array  of  identically  distributed  random  variables,  which  is  inde¬ 
pendent  of  F  and  t  sequences  such  that 


E 


W(l  +  (ln+  IA-,1)-*) 


<  oo  if  n  >  2, 


or 


E 


|JfJr(l  +  ln.(|X,|)ln+(ln+|X,|)) 


<  oo  if  n  —  2. 


Finally,  let 

>v*,=  E 

i€Dnki 

£*.*,.=  E  |r,r2/“A,J. 

iZDn.k.i 

and  Yn  k  i  an<^  B*  t ,  are  defined  correspondingly.  We  will  prove  that  Bn  k <  oc  a.s. 
for  any  fc  =  1  ,...,n  and  t  >  n  -  fc  +  2  (this  would  imply  that  An  <  oc  a.s.  for  any 
k  —  1, . . . ,  n)  and  that 

(5.6)  An_  i(|y„,t,t|)  =  0  for  any  k  =  1, . . .  ,n  and  i  >  n  -  k  -f  2. 


This  would  imply  (5.5),  since  =  D„tk,n-k+i-  The  proof  is  by  induction  in  k.  It  is  clear 
by  Proposition  5.1(a)  with  n  =  1  and  o  <  r  <  2  and  by  Proposition  5.1(c)  with  n  =  1  that 
Bn.i,i  <  oo  a.s.  for  any  i  >  n  +  1.  It  also  follows  from  Lemma  3.5  and  Proposition  5.2 
that  (5.6)  holds  for  fc  =  1  and  any  t  >  n  +  1.  This  constitutes  the  basis  of  the  induction. 
Assume  now  that  for  some  1  <  fc  <  n  -  1  and  any  i  >  rt  -  fc  +  2,  <  oo  a.s.  and  (5.6) 

holds.  Clearly,  for  any  i  >  n  -  fc  +  1 


Dn,k+ 1,1  —  ^  LJ  Bn,k,m+\^  ^  ^»»,t*I,2n+l  • 


Therefore, 


2n 

(5-7)  Bn,k+  l,i  =  Y  Bn,k,m+l  +  ^n,k  +  l,2n+l- 

m=i 

The  assumption  of  the  induction  implies  that  for  any  m  >  n-fc  +  1,  B*  t  m+1  <  Bn  k,m+  i  < 
oo  a.s.  Moreover,  Proposition  5.1(a)  with  n  =  fc  +  1.  a  <  r  <2  and  Proposition  5.1(c) 
with  n  =  fc+  1  imply  that  Bn,*-».i,2n  <  <x>  a.s.  By  (5.7)  we  conclude  that  Bn,**  j.,  <  oc  a.s. 


y<; 


We  have 


^n.fc  +  l.t  ^  .  K,k,m tl  ^ n,k  + 1 ,2n4- 1 


Clearly,  for  any  m  >  n  —  k  +  1,  iv;*,fc,m+1  |.  Therefore,  the  assumption  of  the 

induction  implies  that  An_1(|ynfc  m+1|)  =  0  for  any  m  >  n-k  +  1.  Corollary  1.2  shows  then 
that  the  claim  An_1(|y„i*+lil|)  —  0  would  follow  if  we  prove  that  An_i (|yn,*  +  i,2n+i |)  =  0. 
We  have,  for  x  >  0 

P{\^n,k  + 1 ,2n+  1 1  >  l)  = 

=  r( I  E  l<J||rJ|-|>xJ|  >  i)  = 


k-f  l  2»m  4-  1 


-- I*  p (  E  l«l|r,r,/*x . . . >  xy'  “  r,  ...  =  »)**_,.,(,) 

'  ifD,  .  .  ' 


n  i  -"  *  1 


=  fit  P{-  ■  )dgn-k- l(y)  +  '  P{- ■  )dgn-k~ i(y), 

where  gn  is  the  distribution  function  of  Tj  • . . .  -  Tn.  We  apply  now  the  contraction  principle 
(Theorem  1.3(H))  and  Fubini’s  theorem  to  conclude  that  for  any  y  >  0 

4  E  K,||r,r,/*X| . . '  r, ....  =  y]  < 

J^Dk+l 


Jl  >2»i  +  l 


ic-c|  E  wnV*  . *' 

j€Dfc+1  ,=  1 

jx  >2i*+J 

for  some  0  <  C  <  oo  independent  of  y  >  0.  We  apply  now  Proposition  5.1(c)  with  n  =  k  + 1 
to  conclude  that  the  a-th  moment  above  is  finite.  The  claim  An_j(|yn  k+,  2n-i|)  =  0  now 
follows  from  (5.9)  and  Markov  inequality.  This  completes  the  inductive  argument,  and  we 
know  by  now,  therefore,  that  Sn.t.i  <  oo  a.s.  for  any  k  =  1 , . . . ,  n  -  1  and  any  i  >  n-  k  +  2, 
and  that  (5.6)  holds  for  k  =  1,.  .  ,,n  -  1  and  any  »  >  n  -  k  4-  2.  It  remains  to  consider 
the  case  k  =  n.  We  apply  (5.7)  with  k  =  n  -  1.  Then  Bn,n-\,m+i  -  Bn,n-i,m+i  <  oo  a.s. 
as  have  been  proven  above.  Moreover,  £n,n,2n+i  <  oo  a.s.  by  (the  proof  of)  Proposition 
5.1(b).  This  shows  that  Bnnx  <  oo  a.s.  for  any  i  >  2.  Further,  we  apply  (5.8)  with 
k  =  n  -  1  and,  as  above,  the  claim  An_i(|y,n  t|)  =  0  would  follow  once  we  show  that 
A„  _  |  ( | y»»in,2n+ 1 1)  =  0.  But  the  latter  statement  follows  immediately  from  Proposition 
5.1(a).  This  completes  the  proof  of  the  theorem. 
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